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Abstract
We study the (k, s)-positivity for holomorphic vector bundles on compact com-
plex manifolds. (0, s)-positivity is exactly the Demailly s-positivity and a (k, 1)-
positive line bundle is just a k-positive line bundle in the sense of Sommese. In
this way we get a unified theory for all kinds of positivities used for semipositive
vector bundles. Several new vanishing theorems for (k, s)-positive vector bundles
are proved and the vanishing theorems for k-ample vector bundles on projective
algebraic manifolds are generalized to k-positive vector bundles on compact Ka¨hler
manifolds.
1 Introduction
Vanishing theorems play an important role in the study of algebraic and analytic vari-
eties by cohomological methods. The celebrated Kodaira vanishing theorem was proved
originally by using the Bochner techniques in differential geometry [21, 46]. Using his van-
ishing theorem, Kodaira proved the projective embedding theorem now bearing his name,
which says that a compact Ka¨hler manifold is projective algebraic if and only if it admits
an ample, or equivalently, a positive line bundle. Followed by Chow’s theorem, the Ko-
daira vanishing theorem sets up a bridge between the analytic geometry and the algebraic
geometry. The Kodaira vanishing theorem was further studied in many ways. Generaliza-
tions have been found, on the differential geometric side, by Akizuki-Nakano [1], Griffiths
[17], Girbau [15], Gigante [14], Ohsawa-Takegoshi [33, 34, 35, 36, 43] and Demailly [7, 8]
et al; on the algebraic geometric side, by Mumford [30], Grauert-Riemenschneider [16],
Sommese [41], Kawamata [19], Viehweg [44] and Lazarsfeld [23] et al. We refer readers to
[12, 23] for a survey of history and developments and applications by algebraic approach.
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In this paper we will investigate vanishing theorems from the viewpoint of complex
differential geometry. Our original motivation was to understand the Demailly s-positivity
(cf. [7]), which is equivalent to the Griffiths positivity when s = 1 and to the Nakano
positivity when s attains its maximum. The Demailly s-positivity is a concept which
is difficult to understand and to check. In Section 3, we introduce the notion of (k, s)-
positivity from the viewpoint of the theory of hermitian forms in linear algebra. When
k = 0, it is equivalent to Demailly’s s-positivity; if s = 1 and in the case of line bundle,
it is just k-positivity used implicitly by Gigante and Girbau in [14, 15]. We present some
properties of (k, s)-positivity and then give some vanishing theorems for (k, s)-positive
vector bundles (cf. Theorem 3.9 and Corollary 3.13) which generalize those obtained by
Demailly in [7, 9] for s-positive vector bundles in his sense.
In 1978, Sommese introduced the concept of k-ampleness for vector bundles on any
complex space, in the case of line bundle the 0-ampleness being ampleness in the usual
sense when the base space is projective. He established several vanishing theorems for
k-ample vector bundles on projective algebraic manifolds [41]. Surprisingly, the same
results are still hold for k-positive vector bundles on compact Ka¨hler manifolds, (cf.[40]
and [20]). In fact, in a later paper [42], Sommese proved that k-ample vector bundles are
k-positive, but the statement was expressed in another way and not easy to follow. For the
reader’s convenience, we present a sketch of the proof that k-ampleness implies k-positivity
in Section 4. In Section 5, we generalize Theorem 3.9 to the case of flag bundles (cf.
Theorem 5.3) on compact complex manifolds, which says that the product of tautological
quotient determinant bundles of the flag bundle of a holomorphic vector bundle E is k-
positive if E itself is Griffiths k-positive. Using Theorem 5.3 we generalize the Demailly
vanishing theorems for tensor powers of ample bundles on projective algebraic manifolds
to the Griffiths k-positive vector bundles on compact Ka¨hler manifolds (cf. Theorems
5.10, 5.11). Finally, in Section 6, we present some questions motivated by the results we
get form Section 2 to Section 5.
2 Bochner-Kodaira-Nakano inequality
In this section we will recall the famous Bochner-Kodaira-Nakano inequality, which is
the starting point for all kinds of positivity that leads to the vanishing theorems. We
will present the Nakano vanishing theorem and give a simplified proof of the Gigante-
Girbau vanishing theorem since it not only includes the main ingredients in using the
Bochner-Kodaira-Nakano inequality but also will be used again and again in this paper.
Let X be a complex manifold of dimension n and E a holomorphic vector bundle of
rank r over X. The Dolbeault operator ∂¯ acts linearly on the space Ωp,qX (E) of smooth
E-valued (p, q)-forms; if f is a smooth (p,q)-form and s is a holomorphic section of E,
then define ∂¯(f ⊗ s) = ∂¯f ⊗ s. The Dolbeault cohomology groups Hp,q(X,E) are defined
to be the cohomology groups of the complex
· · ·
∂¯
→ Ωp,qX (E)
∂¯
→ Ωp,q+1X (E)
∂¯
→ · · · .
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The soft sheaves Ωp,•X (E) give an acyclic resolution of the locally free sheaf Ω
p
X(E) of holo-
morphic E-valued p-forms. Hence we have the following canonical isomorphism (called
the Dolbeault isomorphism):
Hp,q(X,E) ∼= Hq(X,Ω
p
X(E)).
Now suppose thatX is equipped with a hermitian metric g, and E
π
→ X is any complex
vector bundle with a hermitian metric h and a hermitian connection D, which splits in a
unique way as a sum of a (1, 0) and a (0, 1) connection: D = D′+D′′. If E is a holomorphic
vector bundle, there is a unique hermitian connection, called Chern connection such that
D′′ = ∂¯ and hence D′2 = D′′2 = 0. Thus the curvature form Θh(E) = D
′D′′ + D′′D′ is
a End(E)-valued (1, 1)-form, and iΘh(E) is called the Chern Curvature form of E. Let
{zj} be the local holomorphic coordinate of X, {eα} a holomorphic orthonormal frame
and {eα} the dual orthonormal frame of E. Let (gjk¯) and (hαβ¯) be the hermitian metrics
on X and on E respectively, and their inverses denoted respectively by (gij¯) and (hαβ¯).
Then we can write the Ka¨hler form and the curvature form respectively as
ω = igjk¯dz
j ∧ dz¯k, iΘh(E) = R
α
βjk¯dz
j ∧ dz¯k ⊗ eα ⊗ e
β , (2.1)
where
Rαβjk¯ = −h
αγ¯∂j ∂¯khβγ¯ + h
αγ¯hλµ¯∂jhβµ¯∂¯khλγ¯. (2.2)
Here and throughout the rest of the paper we use the summation convention of summing
over any index which appears once as a subscript and once as a superscript if without
special mentions. The first Chern class c1(E) ∈ H
2(X,R) could be represented by the
first Chern curvature form
c1(E, h) = TrE(
i
2π
Θh(E)) =
i
2π
Θh(det(E)). (2.3)
Conversely, if X is a compact Ka¨hler manifold, any 2-form representing the first Chern
class c1(E) is in fact the first Chern curvature form c1(E, h) for some hermitian metric h
on E (cf.[20]). In local coordinate we have
iΘh(det(E)) = Rjk¯dz
j ∧ dz¯k = −∂∂¯ log det(hαβ¯) (2.4)
with Rjk¯ = R
α
αjk¯
. Note that if E is a line bundle then its curvature form represents its
first Chern class up to multiplying by 1
2π
.
Let u = uα
Jp,K¯q
dzJp∧dzK¯q⊗eα and v = v
α
Jp,K¯q
dzJp∧dzK¯q⊗eα be E-valued (p, q)-forms,
where Jp = (j1, · · · , jp) and K¯q = (k¯1, · · · , k¯q) respectively run all p-tuples and q-tuples,
and dzJp = dzj1 ∧ · · · ∧ dzjp and dzK¯q = dz¯k1 ∧ · · · ∧ dz¯kq . Define their point-wise inner
product by
〈u, v〉ω =
1
p!q!
gJpL¯pgMqK¯quαJpK¯qhαβ¯v
β
LpM¯q
=
1
p!q!
uαJpK¯qhαβ¯v
βJpK¯q , (2.5)
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and |u|2ω = 〈u, u〉ω the corresponding norm square of u, where g
JpL¯p = gj1 l¯1 · · · gjpl¯p. The
L2 inner product of u and v is defined by
(u, v)ω =
∫
X
〈u, v〉ωdVω, (2.6)
where dVω =
ωn
n!
. The induced L2 norm on u is denoted by ||u||2ω = (u, u)ω.
If X is compact, then complex Laplace operator ∆′′ = D′′D′′∗ +D′′∗D′′ : Ωp,qX (E) →
Ωp,qX (E), is a self-adjoint elliptic operator. Here D
′′∗ is the adjoint of D′′ with respect to
the L2 inner product. The Hodge theorem states that the space of harmonic (p, q)-forms
with values in E, i.e.,
Hp,q(E) = Ker(∆′′ : Ωp,qX (E)→ Ω
p,q
X (E)),
is finite dimensional, and there are isomorphisms
Hp,q(E) ∼= Hp,q(X,E).
Let us now suppose that X is a compact Ka¨hler manifold, i.e., the Ka¨hler form ω
of X is closed: dω = 0. Let L : Ωp,qX (E) → Ω
p+1,q+1
X (E) be the operator defined by
Lu = ω ∧ u and Λ = L∗ is the adjoint operator. In this case the complex Laplace
operators ∆′ = D′D′∗ + D′∗D′ and ∆′′ = D′′D′′∗ + D′′∗D′′ are related by the following
Bochner-Kodaira-Nakano identity
∆′′ = ∆′ + [iΘh(E),Λ]. (2.7)
If u is an arbitrary E-valued (p, q)-form, then an integration by part yields (∆′u, u)ω =
||D′u||2ω + ||D
′∗u||2ω and (∆
′′u, u)ω = ||D
′′u||2ω + ||D
′′∗u||2ω, therefore we get the following
inequality
||D′′u||2ω + ||D
′′∗u||2ω ≥
∫
X
〈[iΘh(E),Λ]u, u〉ωdVω. (2.8)
This inequality is known as the Bochner-Kodaira-Nakano inequality. If u ∈ Hp,q(E),
then u is ∆′′-harmonic and hence D′′u = D′′∗u = 0 by the Hodge theory. Furthermore
if that [iΘh(E),Λ] is positive everywhere on Ω
p,q(E), then u = 0. Hence Hp,q(X,E) ∼=
Hq(X,ΩpX(E))
∼= Hp,q(E) = 0. Thus we get a vanishing cohomology group. Therefore to
prove a vanishing theorem for E-valued Dolbeault cohomology group, the key point is to
find conditions under which the operator [iΘh(E),Λ] is positive definite.
For u = uα
J,K¯
dzJ ∧ dzK¯ ⊗ eα ∈ Ω
p,q
X (E), we have the following formula:
〈[iΘh(E),Λ]u, u〉ω =
1
(p−1)!q!
Rαβ¯jk¯g
lk¯uα
lRp−1,K¯q
uβ,j¯R¯p−1,Kq
+ 1
p!(q−1)!
Rαβ¯jk¯g
jl¯uα
Jp,l¯S¯q−1
uβ,J¯p,kSq−1
− 1
p!q!
Rαβ¯jk¯g
jk¯uα
Jp,K¯q
uβ
J¯p,Kq
.
(2.9)
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If we choose normal metrics both on the base X and the fibre E with gjk¯ = δjk¯ and
hαβ¯ = δαβ¯ , then we have the following simpler expression:
〈[iΘh(E),Λ]u, u〉ω =
∑
Rαβ¯jk¯u
α
kRp−1,K¯q
uβ
j¯R¯p−1,Kq
+
∑
Rαβ¯jk¯u
α
Jp,j¯S¯q−1
uβ
J¯p,kSq−1
−
∑
Rαβ¯jj¯u
α
Jp,K¯q
uβ
J¯p,Kq
,
(2.10)
where the summation is on all indices 1 ≤ j, k ≤ n, 1 ≤ α, β ≤ r and on all multi-
indices Jp, Kq, Rp−1, Sq−1 of an increasing order with |Jp| = p, |Kq| = q, |Rp−1| = p − 1
and |Sq−1| = q − 1. However, it is still very hard to decide when the expression (2.10) is
positive, except in some special cases.
A first tractable case is that when p = n. Then in the first summation of (2.10) we
must have j = k and Rn−1 = {1, · · · , n} \ {j}. So the first summation cancels the last
summation.
Definition 2.1. Let E be a holomorphic vector bundle on a compact complex manifold
X. E is called Nakano positive, if
iΘh(E)(u, u) = Rαβ¯jk¯u
αjuβk > 0, (2.11)
for any non-zero tensor u = ujα∂/∂zj ⊗ eα ∈ TX ⊗E; E is called Griffiths positive if
iΘh(E)(u, u) = Rαβ¯jk¯ξ
j ξ¯kvαv¯β > 0 (2.12)
for all non-zero decomposable tensors u = ξ ⊗ v ∈ TX ⊗ E.
If the inequalities in (2.11) and (2.12) are not strict, E is called Nakano semipositive
and Griffiths semipositive respectively. These definitions were introduced by Kodaira [21],
Nakano [32] and Griffiths [17]. It is clear that Griffiths positivity is weaker than Nakano
positivity. Though Griffiths positivity does not directly produce vanishing theorems, it
has nicer functorial properties and is very close to the concept of ampleness for algebraic
vector bundles. We will discuss their relations in the next section.
If E is Nakano-positive, then [iΘh(E),Λ] is positive definite on E-valued (n, q)-forms
for any q ≥ 1 and we have (cf. [32]):
Theorem 2.2. (Nakano’s vanishing theorem). If E is a Nakano positive holomorphic
vector bundle on a compact Ka¨hler manifold X, then we have
Hn,q(X,E) = Hq(X,KX ⊗ E) = 0, q ≥ 1.
Another tractable case is when E is a holomorphic line bundle, in this case we denote
E by B. Then we can choose a coordinate system at each point x ∈ X, which diagonalizes
simultaneously the hermitian form ω(x) and iΘh(B)|x, such that
ω(x) = i
∑n
j=1 µj(x)dz
j ∧ dz¯j , iΘh(B)|x = i
∑n
j=1 νj(x)dz
j ∧ dz¯j .
5
Without loss of generality, assume that ν1(x)/µ1(x) ≤ · · · ≤ νn(x)/µn(x). Then for any
(p, q)-form u = uJ,K¯dz
J ∧ zK¯ ⊗ e, from (2.10) we have
〈[iΘh(B),Λ]u, u〉ω(x)
=
∑
|J |=p,|K|=q(
∑
j∈J
νj(x)
µj(x)
+
∑
j∈K
νj(x)
µj(x)
−
∑n
j=1
νj(x)
µj(x)
)|uJ,K¯ |
2
ω
≥ ( ν1(x)
µ1(x)
+ · · ·+ νp(x)
µp(x)
+ ν1(x)
µ1(x)
+ · · ·+ νq(x)
µq(x)
−
∑n
j=1
νj(x)
µj(x)
)|u|2ω.
(2.13)
Observe that if the ratio νj(x)/µj(x) varies small when j varies, for example, in the
extreme case when all νj(x)/µj(x) are equal, then [iΘh(E),Λ](x) is positive when p+q > n.
This observation tells us that if we choose the Ka¨hler metric ω properly such that the
eigenvalues of iΘh(E) vary mildly relative to ω, then we can deduce the positivity of
[iΘh(E),Λ].
Definition 2.3. (cf. [20, 40]) A holomorphic line bundle B on a compact complex man-
ifold X is called k-positive, if there is a hermitian metric on B such that its first Chern
curvature form c1(B, h) is semi-positive and has at least n− k positive eigenvalues.
Since the first Chern curvature form coincides with its curvature form up to a positive
constant by (2.3), B is k-positive if and only if iΘh(B) is semi-positive with rank iΘh(B) ≥
n− k. In this case we can make a special choice of the Ka¨hler metric ωκ = iΘh(B) + κω
for some positive number κ. Let Λκ be the associated adjoint operator of multiplication
by ωκ. Then the eigenvalues of iΘh(B) relative to ωκ are {rj(x)}1≤j≤n with
rj(x) =
νj(x)
κµj(x) + νj(x)
=
νj(x)/µj(x)
κ+ νj(x)/µj(x)
=
νj(x)/µj (x)
κ
1 +
νj(x)/µj (x)
κ
= 1−
1
1 +
νj(x)/µj (x)
κ
.
Fix a point x ∈ X and assume that rank(Θh(B)|x) = n − s ≥ n − k. Then 0 = rs(x) <
rs+1(x) ≤ · · · ≤ rn(x). Thus rj(x) = 0 for j ≤ s. If we choose κ→ 0
+ then rj(x)→ 1 for
all s + 1 ≤ j ≤ n. If p+ q > n+ k, then s ≤ min{p, q} and
limκ→0+(r1(x) + · · ·+ rp(x) + r1(x) + · · ·+ rq(x)− (r1(x) + · · ·+ rn(x)))
= p− s+ q − s− (n− s)
= (p+ q)− (n+ s) ≥ (p+ q)− (n+ k) ≥ 1.
Since X is compact, we can use a finite cover by open sets, such that on each open set,
if κ is a sufficiently small positive number we may have on each open neighborhood and
hence everywhere on X that
〈[iΘh(B),Λκ]u, u〉ωκ ≥
1
2
|u|2ωκ.
As a consequence we have (cf. [14, 15]):
Theorem 2.4. (Gigante-Girbau’s vanishing theorem). If B is a k-positive line bundle on
a compact Ka¨hler manifold X, then
Hp,q(X,B) = Hq(X,ΩpX ⊗B) = 0, for p+ q > n+ k.
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If B is a positive line bundle, the above theorem was firstly proved by Akizuki-Nakano
in [1]. This theorem is further generalized by Ohsawa-Takegoshi in [43] to weakly 1-
complete Ka¨hler manifold.
Remark 2.5. (1). Let X = Pk × Pn−k and B = π∗2OPn−k(1)
⊗N , where π2 is the projection
from Pk × Pn−k to its second factor, N is a sufficiently large positive integer and OPn−k(1)
is the hyperplane bundle of Pn−k. Then B is k-positive but is not k−1-positive on X. We
have
0 6= Hk(Pk,Ωk
Pk
)⊗H0(Pn−k,Ωn−k
Pn−k
(OPn−k(N))) ⊂
⊕
p+q=n+k
Hp(X,ΩqX(B)).
Thus the Nakano and Gigante-Girbau vanishing theorems are optimal. The following
example (due to Ramanujam (cf. [40], pp. 55) shows that in the Theorem 2.4, it is not
enough to assume that B is k positive at an open set of X instead of at all points of
X : For n ≥ 3 let π : P˜n 7→ Pn be the blowing up at a point. Then the pull back of
the hyperplane bundle π∗OPn(1) is a semipositive line bundle, it has maximal rank on an
open set of P˜n. However Hn−1(P˜n,Ωn−1
P˜n
⊗ π∗OPn(1)) 6= 0. Combining the Ramanujam’s
example with similar product construction used above, we can also give examples where
the line bundle is semipositive and k-positive on an open set for any k > 0.
(2). Recall that a line bundle B is called nef if there exists a smooth hermitian metric
hǫ such that iΘhǫ(B) ≥ −ǫω for any ǫ > 0. A semipositive line bundle is nef but the
converse is not true. However, a nef line bundle is, in an approximate sense, very close to
a semipositive line bundle. Could we get some vanishing Dolbeault cohomology groups
twisted by a nef line bundle? In the proof of Theorem 2.4, the hermitian form iΘh(B)
plays a dominant role in the sequence of Ka¨hler metrics ωκ = iΘh(B) + κω as κ → 0.
To use the trick of the proof of Theorem 2.4, the line bundle B must be semipositive at
least. Thus to answer the question we should look for new ideas.
(3). The celebrated Kawamata-Viehweg vanishing theorem has been generalized to
Ka¨hler manifolds by Nadel, which states that
Hp(X,KX ⊗ B ⊗I (h)) = 0,
for p ≥ 1 for a pseudo-effective line bundle B on a Ka¨hler manifold with singular hermi-
tian metric h whose curvature form as a current is strictly positive, where I (h) ⊂ OX is
the multiplier ideal sheaf associated to h. For a proof we refer to [31] or [8] and [9]. If the
metric is smooth then B is a positive line bundle and I (h) = OX , the Nadel vanishing
theorem reduces to the Kodaira vanishing theorem. A natural question is whether the
Nadel vanishing theorem has a generalization for arbitrary Dolbeault cohomology groups.
Since a general pseudo-effective line bundle is not necessary semipositive, the critical trick
mentioned above could neither be used, and we could not combine it with the approxi-
mation technique used by Demailly in [7] to produce such a generalization. Therefore it
is difficult to get a vanishing theorem for multiplier ideal sheaf for arbitrary Dolbeault
cohomology if the line bundle is only pseudo-effective.
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3 (k, s)-Positivity and Vanishing Theorems
The relation between the Nakano positivity and the Griffiths positivity was studied by
Demailly and Skoda in [10], see also [7, 9]. In [7] Demailly introduced the notion of
s-positivity for any integer 1 ≤ s ≤ r for a vector bundle E of rank r. We cited it
as the Demailly s-positivity. In particular, the Demailly 1-positivity is just the Griffiths
positivity and the Demailly s-positivity for s ≥ min{r, n} is exactly the Nakano positivity.
Our aim in this section is to introduce a new concept of positivity for holomorphic vector
bundle of arbitrary rank, which unifies the concepts of k-positivity for line bundles and
the Demailly s-positivity for higher rank vector bundles. Then we will give some new
vanishing theorems.
Recall the following concept which has been used by Demailly.
Definition 3.1. ([7]) A tensor u ∈ TX ⊗ E is called rank s if s is the smallest non-
negative integer such that u can be written as
u =
s∑
j=1
ξj ⊗ vj, ξj ∈ TX, vj ∈ E.
E is said to be Demailly s-positive if iΘh(E)(u, u) > 0 for any nonzero u ∈ TX⊗E of
rank≤ s. By definition, Demailly 1-positive is equivalent to Griffiths positive and Demailly
s-positive for s ≥ {r, n} is equivalent to Nakano positivity. In Demailly’s definition, the
set of tensors of rank no more than s in E ⊗ TX don’t form a linear subspace since they
are not closed under addition, which causes some difficulties in understanding this notion.
To capture the essence of it, we adopt following formulation, which uses the theory of the
hermitian form and is a more general definition.
Definition 3.2. A holomorphic vector bundle E of rank r with hermitian metric h on a
compact complex manifoldX of complex dimension n is called (k, s)-positive for 1 ≤ s ≤ r,
if the following holds for any x ∈ X : For any s-tuple vectors vj ∈ V, 1 ≤ j ≤ s, where
V = Ex (resp. TxX), the hermitian form
Qx(•, •) = iΘh(E)(
s∑
j=1
· ⊗ vj ,
s∑
j=1
· ⊗ vj), • ∈W⊕s, · ∈W
defined on W⊕s is semipositive and the dimension of its kernel is at most k, where W =
TxX (resp. Ex). In this case we write as
iΘh(E) >(k,s) 0 or E >(k,s) 0.
Clearly the (0, s)-positivity is equivalent to the Demailly s-positivity and the Nakano
positivity is equivalent to the (0, s)-positivity if s ≥ min{n, r}. The (0, 1)-positivity is
equivalent to the Griffiths positivity. For general integer k, the (k, 1) positivity is a
semipositive version of the Griffiths positivity. A holomorphic vector bundle E of arbitrary
rank is called Griffiths k-positive if if it is (k, 1)-positive.
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Example 3.3. Let V be a complex vector space of dimension n and let Gr(V, d) denote
the Grassmannian of subspaces W of V of codimension d. In the following we will prove
that the holomorphic tangent bundle of Gr(V, d) is ((d − 1)(n − d − 1), 1)-positive. We
denote the holomorphic tangent bundle TGr(V, d) of Gr(V, d) by E for brevity. Note that
the tangent space at any point is identified with Hom(V/W, V ), which can be seen as the
space consisting of d× (n− d) rectangular complex matrices. We use indices i, j, k, · · · in
the range 1 to d; r, s, t, · · · in the range 1 to n−d. Using the homogeneous metric (cf. [5])
and a suitable coordinate system, we have hirjs = δijδrs and
Rirjsktlu = δijδklδruδst + δilδjkδrsδtu.
For u = ξ ⊗ v = ξir ∂
∂zir
⊗ vjs ∂
∂zjs
∈ TGr(V, d)⊗E, we have
iΘh(E)(u, u) = iΘh(E)(ξ
ir ∂
∂zir
⊗ vjs ∂
∂zjs
, ξir ∂
∂zir
⊗ vjs ∂
∂zjs
)
= (δijδklδruδst + δilδjkδrsδtu)ξ
irvktξjsvlu
=
∑
i,k,r,s ξ
irvjsξisvjr + ξirvjsξjrvis
=
∑
i,j |
∑
r ξ
irvjr|2 +
∑
r,s |
∑
i ξ
irvis|2.
Fix (vir)d×(n−d) 6= 0. If iΘh(E)(u, u) = 0, then the rows and columns of (ξ
ir)d×(n−d)
are orthogonal to the rows and columns of (vir)d×(n−d) respectively, hence the rank of the
Kernel of iΘh(E)(·⊗v, ·⊗v) is at most (d−1)(n−d−1). Therefore E is ((d−1)(n−d−1), 1)-
positive.
In particular, if d = 1, Gr(V, 1) is the n−1-dimensional complex projective space Pn−1.
So the holomorphic tangent bundle of complex projective space is Griffiths positive. Sim-
ilar calculations as above indicate the holomorphic tangent bundle of complex projective
space Pn−1 is Nakano semipositive and ((n− 1)(s− 1), s)-positive for any 1 ≤ s ≤ n− 1.
Proposition 3.4. Let f be a surjective holomorphic map from a complex manifold Y of
dimensionm to a complex manifold X of dimension n, and E a (k, s)-positive holomorphic
vector bundle on X with hermitian metric h. Then the pull-back bundle f ∗E is (k +m−
n, s)-positive. In particular, if f is a finite cover then E is (k, s)-positive if and only if
f ∗E is (k, s)-positive.
Proof. Let (eα)α be a basis of E, then (f
∗eα)α is a basis of f
∗E. Note iΘf∗h(f
∗E)
= if ∗Θh(E) and
iΘf∗h(f
∗E)(
∑
i
(· ⊗ f ∗eαi),
∑
i
(· ⊗f ∗eαi))=Θh(E)(
∑
i
(f∗(·)⊗eαi),
∑
i
(f∗(·)⊗eαi))
So the hermitian form iΘf∗h(f
∗E)(
∑
i(· ⊗ f
∗eαi),
∑
i(· ⊗ f
∗eαi)) is semipositive and the
rank of its kernel is at most m− n+ k. Thus f ∗E is (m− (n− k), s)-positive.
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Proposition 3.5. If 0 → S → E → Q → 0 is an exact sequence of hermitian vector
bundles on a complex manifold X of dimension n, then for any integer 1 ≤ k ≤ n, we
have
a). E <(k,s) 0 =⇒ S <(k,s) 0 for s ≤ rank S;
b). E >(k,1) 0 =⇒ Q >(k,1) 0;
c). If the exact sequence splits, then S >(k,s) 0 and Q >(k,s)⇐⇒ E >(k,s) 0 for s ≤
min{rank S, rank Q}.
Proof. Let {eα} and {eµ} be the basis of S and Q respectively, and let {e
β} and {eν}
be the dual basis of {eα} and {eµ} respectively. Let
B = Bµαje
α ⊗ eµ ⊗ dz
j ∈ Ω1,0(Hom(S,Q))
be the second fundamental form associated with the exact sequence. Then
B∗ =
∑
µ,α,j
Bµαje
µ ⊗ eα ⊗ dz¯
j ∈ Ω0,1(Hom(Q, S)).
With the induced hermitian metric of E, the Chern curvature form of S and Q are (cf.
[17, 7]):
iΘ(S) = iΘ(E)|S +B
∗ ∧ B;
iΘ(Q) = iΘ(E)|Q +B ∧B
∗.
(3.1)
Thus for u =
∑
αj u
αj ∂
∂zj
⊗ eα ∈ TX ⊗ S and v =
∑
µk v
µk ∂
∂zk
⊗ eµ ∈ TX ⊗Q, we have
iΘ(S)(u, u) = iΘ(E)|S(u, u)−
∑
µ,ν,α,β,j,k hµν¯B
µ
αjB
ν
βku
αjuβk;
iΘ(Q)(v, v) = iΘ(E)|Q(v, v) +
∑
µ,ν,α,β,j,k hαβ¯B
µ
αjB
ν
βkv
µkvνj.
Thus
iΘ(S)(u, u) = iΘ(E)|S(u, u)− |
∑
α,j B
•
αju
αj |2, (3.2a)
where B•αju
αj =
∑
µB
µ
αju
αjeµ ∈ Q. From (3.2a) we conclude a). If v = (
∑
k ξ
k ∂
∂zk
) ⊗
(
∑
µw
µeµ) is a tensor of rank 1, then
iΘ(Q)(u, u) = iΘ(E)|Q(u, u) + |
∑
µ,j
Bµ•jw
µξj|2, (3.2b)
where Bµ•jw
µξj =
∑
αB
µ
αjw
µξjeα. By (3.2b) we have b). Note that c) is clearly true since
B = 0 in this case.
Proposition 3.6. Let E and F be hermitian holomorphic vector bundles.
a). E >(k,s) 0 =⇒ E >(k+1,s) 0, and E >(k,s−1) 0 if s ≥ 2;
b). E >(a,p) 0 and F >(b,q) 0 =⇒ E ⊗ F >(c,s) 0 with c = max{a, b} and s = min{p, q};
c). E >(k,s) 0 =⇒ Γ
aE >(k,s) 0, where Γ
aE is an irreducible representation of Gl(E) of
highest weight a = (a1, a2, · · · , ar) ∈ Z
r, with a1 ≥ a2 ≥ · · · ≥ ar ≥ 0. In particular, for
p-order symmetric product SpE and q-order wedge ∧qE, (1 ≤ q ≤ rank E),
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Proof. a) follows by definitions. Let hE , hF be the corresponding hermitian metric on
E and F with Chern curvature forms RE , RF respectively, and (tj)j, (eα)α, (fβ)β be the
orthonormal frames of TX,E, F respectively, let u = uαµjtj ⊗ eα ⊗ fµ ∈ E ⊗ F ⊗ TX be
a tensor of rank at most s. Since ΘhE⊗hF (E ⊗ F ) = ΘhE(E)⊗ IdF + IdE ⊗ ΘhF (F ), we
have
iΘhE⊗hF (E ⊗ F )(u, u)
=
∑
α,β,j,k,µR
E
αβ¯jk¯
uαµjuβµk +
∑
µ,ν,j,k,αR
E
µν¯jk¯
uαµjuανk
=
∑
µ(
∑
α,β,j,kR
E
αβ¯jk¯
uαµjuβµk) +
∑
α(
∑
µ,ν,j,kR
E
µν¯jk¯
uαµjuανk).
Fix µ and α respectively, consider uαµjtj ⊗ eα⊗ fµ as the tensors of E⊗TX and F ⊗TX
respectively, of rank at most s = min{p, q}, we conclude E⊗F >(c,s) 0 for c = max{a, b}.
This proves b). If E >(k,s) 0, using b) inductively we have E
⊗p >(k,s) 0. Since S
pE and
∧qE are direct summand of E⊗p and E⊗q respectively, by c) of Proposition 3.5 we have
SpE >(k,s) 0 and ∧
qE >(k,s) 0. Using b) again we have
Sa1E ⊗ Sa2E ⊗ · · · ⊗ SarE >(k,s) 0.
Since ΓaE is a direct summand in Sa1E ⊗ Sa2E ⊗ · · · ⊗ SarE, we have ΓaE >(k,s) 0.
Proposition 3.7. If E is a hermitian holomorphic line bundle, then E is k-positive if
and only if E is Griffiths k-positive.
Proof. If r = rank E = 1, then the rank 1-tensors of E ⊗ TX is identified with TX,
thus E is Griffiths k-positive if and only if iΘh(E) is semipositive on TX and has at least
n− k-positive eigenvalues, i.e., if and only if E is k-positive.
For a holomorphic vector bundle E of higher rank r > 1, we define the projective
bundle
π : P(E)→ X,
whose fibre π−1(x) at x ∈ X is (r− 1)-dimensional subspace of E|x. Then P(E) carries a
tautological subbundle F of π∗E given by
F |y = y ⊂ (π
∗E)y = E|π(y), for y ∈ P(E).
We define a holomorphic vector bundle ξE on P(E) by
ξE = π
∗E/F.
Recall that a vector bundle E is called k-positivity if ξE is k-positive (cf.[40, 20]).
Theorem 3.8. If E is a Griffiths k-positive holomorphic vector bundle then it is k-
positive. In particular if E is a Griffiths k-positive holomorphic vector bundle on a compact
Ka¨hler manifold X of complex dimension n. Then Hp,q(X,E) = 0 for p+ q ≥ n+ k + r.
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Proof. Let h be the corresponding hermitian metric on E. Note that the dual bundle
ξ∗E = (π
∗E/F )∗ is isomorphic to the conormal bundle F⊥ ⊂ π∗E∗ of F. For any v ∈
ξ∗E − {0}, there is a naturally associated hermitian metric on ξ
∗
E defined by H(z, v)ω =
hjk¯v
j v¯k = (v, v)z for (z, [v]) ∈ P(E
∗). Then H(z, λv) = |λ|2H(z, v) for any λ ∈ C∗.
Hence H defines a hermitian metric on ξ∗E. Choose normal coordinates z
1, · · · , zn such
that h(0) = I and dh(0) = 0. Then ΘH(ξ
∗
E) = −∂∂¯ logH(z, v) = −∂∂¯ log(hjk¯v
j v¯k), and
ΘH(ξ
∗
E) =
Θh(E
∗)(v, v)
|v|2
−
(∂v, ∂v)|v|2 − (∂v, v)(v, ∂v)
|v|4
.
Therefore
ΘH(ξE) =
Θh(E)(v,v)
|v|2
+ (∂v,∂v)|v|
2−(∂v,v)(v,∂v)
|v|4
= −
(∂∂¯hjk¯)v
j v¯k
hjk¯v
j v¯k
+
hjk¯∂v
j∧∂v
k
hjk¯vj v¯k
−
hjk¯∂v
j v¯k∧hjk¯v
j∂v
k
(hjk¯v
j v¯k)2
.
In matrix form, the curvature
ΘH(ξE)|(z,v) =


(Θh(E)(v,v)
|v|2
)n×n
∣∣∣ 0
−−−−−− −−−−−−−−−−−−−
0
∣∣∣ ( (1+|w|2)δjk−wkw¯j(1+|w|2)2 )
(r−1)×(r−1)

 ,
where w = (v
0
vj
, · · · , v
j−1
vj
, v
j+1
vj
, · · · , v
r
vj
) is the local coordinate of the open subset Vj = {v
j 6=
0} of the fiber P(E|z). Note that
(
(1+|w|2)δij−wjw¯i
(1+|w|2)2
)
(r−1)×(r−1)
is a positive definite matrix
with eigenvalues 1/(1+|w|2) of order r−2 and eigenvalue 1/(1+|w|2)2 of order 1. Therefore
iΘh(E) is semipositive if and only if iΘH(ξE) is semipositive. If E is Griffiths k-positive,
then the rank 1-tensors of E ⊗ TX is identified with TX ∪E, which in particular implies
that Θh(E)(v,v)
|v|2
is semipositive and has at least n− k-positive eigenvalues for any nonzero
v ∈ E. Then iΘH(ξE) has at least n−k+ r−1-positive eigenvalues. Thus if E is Griffiths
k-positive then ξE is k-positive.
Let E be a Griffiths k-positive holomorphic vector bundle on the compact Ka¨hler
manifold X. By the Gigante-Girbau vanishing theorem, when p + q > (n + r − 1) + k,
then Hp(P(E),Ωq
P(E)(ξE)) = 0. Using the Griffiths-Le Potier-Schneider isomorphism (See
Remark 5.9 of Section 5):
Hq(P(E),Ωp
P(E)(ξE))
∼= Hq(X,Ω
p
X(E)), n ≥ p, q ≥ 0, (3.3)
we have Hp(X,ΩqX(E)) = 0 for p+ q ≥ n+ r + k.
Recall from (2.10) we have
〈[iΘh(E),Λ]u, u〉ω =
∑
Sq−1,α,β,j,k
Rαβ¯jk¯u
α
j¯S¯q−1
uβkSq−1 (3.4)
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for any (n, q)-form u =
∑
uα
K¯
dz1 ∧ · · · ∧ dzn ∧ dz¯K ⊗ eα with value in E. Since u
α
j¯S¯q−1
= 0
for j¯ ∈ S¯q−1, so the rank (in the sense of Demailly) of (u
α
j¯S¯q−1
)j¯,α is in fact no more than
min{n− q + 1, r}.
Theorem 3.9. Let X be a compact Ka¨hler manifold of dimension n and E a hermitian
holomorphic vector bundle of rank r on X such that E >(k,s) 0. Then
Hn,q(X,E) = 0, for q > k and s ≥ min{n− q + 1, r}.
Proof. We may assume k ≤ n. For any E-valued (n, q)-form u =
∑
uα
K¯
dz1 ∧ · · · ∧
dzn ∧ dz¯K ⊗ eα ∈ Ω
n,q(E), by Definition 3.2, we could diagonalize the hermitian form
iΘh(E)(u, u) since it is semipositive. Therefore we could write
∑
Sq−1,α,β,j,k
Rαβ¯jk¯u
α
j¯S¯q−1
uβkSq−1
as ∑
Sq−1,α,β,j,k
Rαβ¯jk¯u
α
j¯S¯q−1
uβkSq−1 =
∑
Sq−1,α,j
λαj u
α
j¯S¯q−1
uαjSq−1,
where the eigenvalues (λαj )1≤j≤n,1≤α≤r are non-negative. For fixed α, without loss of
generality, assume that λα1 ≤ λ
α
2 ≤ · · · ≤ λ
α
n with λ
α
k+1 > 0. Put λ = min{λ
α
k+1|1 ≤ α ≤ r}.
Then λ is a positive number. If q > k then
∑
Sq−1,α,β,j
Rαβ¯jk¯u
α
j¯S¯q−1
uβkSq−1 =
∑
j,S¯q−1
∑
α λ
α
j |u
α
j¯S¯q−1
|2
=
∑
K
∑
α
∑
j∈K λ
α
j |u
α
K¯
|2
≥
∑
K
∑
α(λ
α
1 + λ
α
2 + · · ·+ λ
α
q )|u
α
K¯
|2
≥ λ(
∑
K
∑
α |u
α
K¯
|2)
= λ|u|2ω.
Thus when q > k, then [iΘh(E),Λ] is positive definite on E-valued (n, q)-forms. So we
have Hn,q(X,E) = 0 for q > k and s ≥ min{n− q + 1, r}.
The special case when k = 0 of Theorem 3.9 was proved by Demailly in [9].
Proposition 3.10. Let E be a rank-r holomorphic vector bundle with hermitian metric h
on a complex manifold X of dimension n. If E is Griffiths k-positive, then for any integer
1 ≤ s ≤ min{r, n},
iΘh(E) + TrE(iΘh(E))⊗ h >(k,s) 0. (3.5)
Proof. By Definition 3.2, it suffices to prove (3.5) for any subbundle G⊗ S of E ⊗ TX
with G = E and rank S = s, or S = TX and rank G = s. Let (tj)1≤j≤m be a basis of S
and (eα)1≤α≤ρ an orthonormal basis of G. The coefficients Rαβ¯jk¯ of iΘh(E) with respect
to the basis tj ⊗ eα satisfy the symmetric relation Rαβ¯jk¯ = Rβα¯kj¯. For any ξ = ξ
jtj ∈ S
and u = uαjeα ⊗ tj ∈ E ⊗ TX, we have the formulae
iΘh(E)(u, u) =
∑
α,β,j,k
Rαβ¯jk¯u
αjuβk,
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TrE(iΘh(E))(ξ, ξ) =
∑
α,j,k
Rαα¯jk¯ξ
jξk,
(iΘh(E) + TrE(iΘh(E))⊗ h)(u, u) =
∑
α,β,j,k
Rαβ¯jk¯u
αjuβk +Rαα¯jk¯u
αjuαk. (3.6)
We use the notions and techniques of Lemma 10.15 and Proposition 14 in [9]. Let σ
describe the set Uρq of ρ-tuples of q-th roots of unity and put
u′jσ =
∑
1≤α≤ρ
uαjσ¯α ∈ C,
uˆσ =
∑
j
u′jσ tj ∈ S, eˆσ =
∑
α
σαeα ∈ G.
By Lemma 10.15 of [9], we have
q−ρ
∑
σ∈Uρq
iΘh(E)(uˆσ ⊗ eˆσ, uˆσ ⊗ eˆσ)
= q−ρ
∑
σ∈Uρq
Rαα¯jk¯u
′j
σ u¯
′k
σσασ¯β
=
∑
j,k,α6=β Rαβ¯jk¯u
αjuβk +Rαα¯jk¯u
αjuαk.
(3.7)
Clearly we have∑
α,k,j
Rαα¯jk¯u
αjuαk =
∑
α
iΘh(E)((
∑
j
uαjtj)⊗ eα, (
∑
j
uαjtj)⊗ eα). (3.8)
By (3)- (3.8) we get
(iΘh(E) + TrE(iΘh(E))⊗ h)(u, u)
= q−ρ
∑
σ∈Uρq
iΘh(E)(uˆσ ⊗ eˆσ, uˆσ ⊗ eˆσ)
+
∑
α iΘh(E)((
∑
j u
αjtj)⊗ eα, (
∑
j u
αjtj)⊗ eα).
Since iΘh(E) >(k,1) 0, if we fix the E-components of the tensors in the summation of the
right hand side, we get a summation of semipositive definite matrices of rank at least
n − k, and hence the left hand side is also semipositive definite of rank at least n − k if
we fix the E-components, thus iΘh(E) + TrE(iΘh(E))⊗ h >(k,s) 0.
Proposition 3.11. Let E be a holomorphic vector bundle of rank r ≥ 2 with hermitian
metric h on a complex manifold X of dimension n. If E is Griffiths k-positive, then for
any integer 1 ≤ s ≤ max{r, n}, we have
sTrE(iΘh(E))⊗ h− iΘh(E) >(k,s) 0. (3.9)
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Proof. Let us distinguish two cases.
Case a). m = 1. Let u ∈ E ⊗ TX be a tensor of rank 1. Then u can be written as
u = ξ1 ⊗ e1 with ξ1 ∈ TX, ξ1 6= 0, and e1 ∈ E, |e1| = 1. Complete e1 into an orthonormal
basis (e1, · · · , er) of E. One gets immediately
(TrE(iΘh(E))⊗ h)(u, u) =
∑
α iΘh(E)(ξ1 ⊗ eα, ξ1 ⊗ eα)
≥ iΘh(E)(ξ1 ⊗ e1, ξ1 ⊗ e1) = iΘh(E)(u, u).
(3.10)
Case b). m ≥ 2. As in the proof of Proposition 3.7, it suffices to prove (3.9) for subbundles
G⊗ TX of E ⊗ TX with rank G = s. Let (eα)1≤α≤s be an orthonormal basis of G which
complete to a basis (eα)1≤α≤r of E, and let iΘh(G) be the restriction of iΘh(E) to G⊗TX.
Then Case a) shows that
TrG(iΘh(G))⊗ h− iΘh(G) >(k,1) 0.
Note that in the Proposition 3.10, we could substitute iΘh(E) and h by any hermitian
form on E⊗TX and E respectively, then the conclusion of Proposition 3.10 is still right
in the general case. Consider Θ′ := TrG(iΘh(G)) ⊗ h− iΘh(G) as an hermitian form on
TX ⊗G and restrict h to G as a hermitian form, using Proposition 3.10 we get
Θ′ + TrGΘ
′ ⊗ h = sTrG(G)⊗ h−Θh(G) >(k,s) 0.
Vary G as a rank s-subbundle of E then we have sTrE(E)⊗ h−Θh(E) >(k,s) 0.
Corollary 3.12. Let E be a Griffiths k-positive hermitian holomorphic vector bundle of
rank r ≥ 2. Then for any integer m ≥ 1,
E∗ ⊗ (detE)s >(k,s) 0.
Proof. Apply Proposition 3.11 to E∗ ⊗ TX and note that
iΘ(E∗ ⊗ (detE)s) = s(iΘ(detE))⊗ h+ iΘ(E∗) = sTrE(iΘ(E))⊗ h− iΘ(E)
t
and TrE(iΘ(E)) = TrE(iΘ(E)
t).
Theorem 3.9 in combination with Proposition 3.10 and Corollary 3.12 immediately
imply the following consequences which generalize (10.19) in [9]:
Corollary 3.13. Let E be a Griffiths k-positive hermitian holomorphic vector bundle of
rank r ≥ 2 on a compact Ka¨hler manifold of dimension n. Then for any integer s ≥ 1, we
have
a). Hq(X,KX ⊗E ⊗ detE) = 0 for q > k;
b). Hq(X,KX ⊗ E
∗ ⊗ (detE)s) = 0 for q > k and s ≥ min{n− q + 1, r}.
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The following generalized Lefschetz theorem (the classical Lefschetz theorem is the
special case when r = 1 and k = 0) is a generalization of theorem H in [17], where E was
supposed to be Griffiths positive.
Theorem 3.14. Let (E, h) be a Griffiths k-positive vector bundle on a compact complex
manifold X and v ∈ H0(X,E) a holomorphic section whose zero locus S ⊂ X is a smooth
submanifold of codimension r. Then we have Hq(S,Z)→ Hq(X,Z)→ 0 for q ≤ n− r− k
and 0→ Hq(S,Z)→ Hq(X,Z)→ 0 for q ≤ n− r − k − 1.
Proof. Let v(z) = (v1(z), · · · , vr(z)). Define a function
f(z) = hαβ(z)v
α(z)vβ(z).
Choose local coordinates z1, · · · , zn on X such that v(z) = (z1, · · · , zr). We may assume
h(0) = I. Then f(z) =
∑r
α=1 |z
α|2, and df(0) = 0 and the Hessian of f at origin is
Hess(f) =
(
Ir 0
0 0
)
.
So S is a non-degenerate critical submanifold of f.
Let z0 be a critical point of f on X−S. Recall that the index of f at z0 is the dimension
of the subspace of Tz0X on which Hess(f) is negative definite. We claim that the index
of f is no less than n− r − k + 1.
In fact, we may choose normal coordinate such that h(z0) = I and dh(z0) = 0. Since
z0 is a critical point of f, we have∑
α
(vαdvα + vαdvα) = 0, (3.11)
and ∂∂¯f = ((∂∂¯hαβ)v
αvβ + hαβdv
α ∧ dvβ. Thus
(Hess(f)(z0))jk¯ = −
∑
αβ
Rβ
αjk¯
vαvβ +
∑
α
∂vα
∂zj
∂vα
∂zk
.
Thus for t = tj ∂
∂zj
∈ Tz0X, we have
Hess(f)jk¯t
jtk = −iΘh(E)(t⊗ v, t⊗ v) +
∑
α
|
∑
j
∂vα
∂zj
tj |2.
Let
W = {t ∈ Tz0X|
∑
j
∂vα
∂zj
tj = 0, 1 ≤ α ≤ r}.
Then dimW = n−rank (∂v
α
∂zj
)r×n.Note by (3.11) we have
∑
j
∂vα
∂zj
vα = 0. Thus rank (∂v
α
∂zj
)r×n ≤
r − 1. So dimW ≥ n − r + 1. Note the dimension of the kernel of −iΘh(E)(· ⊗ v, · ⊗ v)
is at most k since E is Griffiths k-positive. Thus the index of f is at least n− r + 1− k.
The same argument as the proof of theorem H in [17] by using the Morse theory implies
the conclusions of Theorem Theorem 3.14.
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Let IS be the ideal sheaf of S. If X is a compact Ka¨hler manifold, then S is a Ka¨hler
submanifold. In this case we have the following commutative diagram
0

0

· · · // Hq(IS) // H
q(OX) //

Hq(OS) //

Hq+1(IS)
Hq(X,C) // Hq(S,C).
Using that 0→ Hq(X,C)→ Hq(S,C) for q ≤ n−r−k and 0→ Hq(X,C)→ Hq(S,C)→
0 for q ≤ n− r − k − 1, we get the following vanishing cohomology
Hq(IS) = 0, for 0 ≤ q ≤ n− r − k. (3.12)
If E is a line bundle B, then S is a hypersurface, we getHq(X,B∗) = 0 for 0 ≤ q ≤ n−k−1.
We have a pair of short exact sequences
0 // Ω
p
X(B
∗) // ΩpX
// ΩpX |S
// 0
0 // Ωp−1S (B
∗) // Ω
p
X |S
// ΩpS
// 0 .
In cohomology, we have:
Hq(X,ΩpX(B
∗)) // Hq(X,ΩpX)
//Hq(S,ΩpX |S)
// · · ·
Hq−1(S,Ωp−1S )
// Hq(S,Ωp−1S (B
∗)) //Hq(S,Ω
p
X |S)
// Hq(S,Ωp−1S ).
Using that the map Hq(X,C)→ Hq(S,C) is injective for q ≤ n− r − k and bijective for
q ≤ n− r − k − 1, we get
Hq(X,ΩpX(B
∗)) = 0, for 0 ≤ p+ q ≤ n− 1− k,
which is equivalent to the Gigante-Girbau vanishing theorem by the Serre duality theorem.
4 Sommese’s Vanishing theorems
Sommese introduced the concept of k-ample holomorphic vector bundles on a compact
complex manifold in [42]. A holomorphic line bundle B on a compact complex manifold
X is called k-ample if some powers Bm is spanned and the maximum of the dimensions of
the fibres of the natural map ΦBm associated with H
0(X,Bm) is at most k. Suppose that
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s0, s1, · · · , sN is a basis of H
0(X,Bm), the holomorphic map ΦBm : X → P
N is defined by
sending x ∈ X to [s0(x) : s1(x) : · · · : sN(x)]. A holomorphic vector bundle E of arbitrary
rank is called k-ample if the tautological line bundle ξE on P(E) is k-ample. Sommese
established some vanishing theorems when X is projective using algebraic geometric tools.
An interesting phenomena is that the vanishing theorems obtained for k-ample vector
bundles hold for k-positive vector bundles on compact Ka¨hler manifolds as well. Naturally,
we conjecture that k-ampleness is equivalent to k-positivity, at least on compact Ka¨hler
manifold. However, even on a projective algebraic manifold a k-positive line bundle is not
necessary k-ample, as indicated by the following example:
Example 4.1. Let E be an elliptic curve and A,B,C ∈ E three different points. Let
B1 = O(A − B) and B2 = O(C) be two different holomorphic line bundles. Then
B2 is ample hence a positive line bundle. Let h1 be a hermitian metric on B1 such
that iΘh1(B1) = 0 and h2 a hermitian metric on B2 such that iΘh2(B2) > 0. Let X
be the algebraic surface E × E and B be the line bundle π∗1B1 ⊗ π
∗
2B2 on X with the
hermitian metric h = π∗1h1 × π
∗
2h2. Then B is (1, 1)-positive and hence 1-positive. But
H0(X,Bn) = π∗1H
0(E ,O(nA− nB))⊗ π∗2H
0(E ,O(nC)) = {0}. Hence B is not spanned
and hence is not k-ample for any k.
In the book [40], the authors said that there is no explicit relations between the
concepts of k-ampleness and k-positivity. However, in 1983, Sommese proved the following
Lemma (cf. [43], Lemma (1.1)) for any holomorphic vector bundle on a compact complex
manifold, form which that k-ampleness implying k-positivity follows easily.
Lemma 4.2. Let ψ be a holomorphic map between a compact complex manifold X and a
hermitian manifold Y with hermitian metric h. Assume the maximum of the dimensions
of the fibres of ψ is at most k. Then there exist a smooth non-negative function f such
that ∂∂¯f + ψ∗h is semipositive and has at least n− k positive eigenvalues.
Theorem 4.3. If E is a k-ample line bundle on a compact complex manifold X, then it
is k-positive.
Proof. It suffices to prove it when E is a line bundle, denoted by B. From the definition of
k-ampleness, there exists some positive integer m such that Bm is spanned. Without loss
of generality, we may assume m = 1. Suppose that {s0, s1, · · · , sN} is a basis of H
0(X,B).
The dimensions of the fibres of the holomorphic map ΦB(x) = [s0(x) : s1(x) : · · · , sN(x)]
are not more than k. For any sufficiently small open subset U of X, let θ : B|U
∼=
→ U × C
be a trivialization. We can define a hermitian metric H on B by
H(v, v) =
e−f(x)|θ(v)|2
|θ(s0(x))|2 + · · ·+ |θ(sN(x))|2
, for v ∈ B|x.
Then H is a smooth hermitian metric. The curvature of H is
ΘH(B) = −∂∂¯ logH
= ∂∂¯f + ∂∂¯ log(|θ(s0(x))|
2 + · · ·+ |θ(sN(x))|
2)
= ∂∂¯f + Φ∗LωFS,
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where ωFS is the Fubini-Study metric of P
N .
Choose a function f on X as in Lemma 4.2 for the holomorphic map ΦB and the
Fubini-Study metric ωFS on P
N . Then H is a smooth hermitian metric such ΘH(B) is
semipositive and has at least n− k positive eigenvalues. Therefore B is k-positive.
Corollary 4.4. If E is a k-ample vector holomorphic bundle of arbitrary rank on a
compact complex manifold X, then it is k-positive.
Corollary 4.5. Let E be a k-ample holomorphic vector bundle on a compact Ka¨hler
manifold X, then Hp,q(X,E) = 0 for p+ q ≥ n+ r + k.
Proof. By definition E is k-ample if and only if the associated tautological line bundle ξE
is k-ample. We know that P(E) is a Ka¨hler manifold when X is Ka¨hler. Thus Corollary
4.5 follows from Corollary 4.4 together with the Gigante-Girbau vanishing theorem by
using Griffiths-Le Potier-Schneider isomorphism in the last part of the proof of Theorem
3.9 (See also Remark 5.9).
5 Vanishing theorems for tensor powers of a Griffiths
k-positive vector bundles
In this section we will give some vanishing theorems for tensor powers of the Griffiths
k-positive vector bundles. Similar results for ample vector bundles were obtained by
Demailly in [8], nevertheless, using purely algebraic methods. Firstly we will fix some
notions for flag manifolds and flag bundles. Our presentation for the geometry of flag
bundles is a supplement of those presented by Demailly in [8]. After that we will gener-
alize Theorem 3.8 to the case where the tautological quotient bundles are on arbitrary
flag bundles instead of projective bundles. Then we recall Demailly’s generalizations of
the Griffiths-Le Potier-Schneider isomorphism. Finally we will generalize the vanishing
theorems for tensor powers that established by Demailly in [8].
Let V be a complex vector space of dimension r. Given any sequence of integers
s = (s0, s1, · · · , sm) such that 0 = s0 < s1 < · · · < sm = r, we may consider the manifold
Fs(V ) of flags
V = Vs0 ⊃ Vs1 ⊃ · · · ⊃ Vsm = {0}, codimCVsj = sj.
If sj = j for all 1 ≤ j ≤ r, Fs(V ) is denoted by F (V ), called a complete flag manifold;
otherwise called an incomplete flag manifold. The trivial bundle Fs(V ) × V is denoted
by V˜ and it has flags of tautological subbundles
V˜ = V˜s0 ⊃ V˜s1 ⊃ · · · ⊃ V˜sm = {0}, rankCV˜sj = r − sj .
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Let Qsj = V˜ /V˜sj be the tautological quotient vector bundles and denote Psj = V˜sj−1/V˜sj
for 1 ≤ j ≤ m. Then the cotangent bundle of Fs(V ) is identified by
T ∗Fs(V ) = ⊕
m
j<kHom(Psj , Psk)
∼= ⊕mj<kP
∗
sj
⊗ Psk .
So
Ωp
Fs(V )
= ⊕p1,2+···+pm−1,m=p ∧
p1,2 (P ∗s1 ⊗ Ps2) ∧ · · · ∧
pm−1,m (P ∗sm−1 ⊗ Psm)
Using ΓρV ∗ = Γχ(ρ)V and the Cauchy formula ([27], Sect. 2.1; [28], Sect. 2.2.1) we have
∧pj,k(P ∗sj ⊗ Psk) = ⊕|ρj,k|=pj,kΓ
ρj,kP ∗sj ⊗ Γ
ρ˜j,kPsk = ⊕|ρj,k|=pj,kΓ
χ(ρj,k)Psj ⊗ Γ
ρ˜j,kPsk .
we then get
Ωp
Fs(V )
=⊕∑ pj,k=p ⊗1≤j≤m|ρj,k|=pj,kΓχ(ρ1,j )Psj ⊗ · · · ⊗ Γχ(ρj−1,j )Psj ⊗ Γρ˜j,j+1Psj ⊗ · · ·Γρ˜j,mPsj .
Since the rank of Psj and Psk are sj − sj−1 and sk − sk−1 respectively, we know that the
Young diagram of ρj,k has at most sj − sj−1 rows and sk − sk−1 columns (we refer the
reader to ([28], Sect. 2.2.2) for notions used here). In particular we have det(Psj ⊗P
∗
sk
) =
(detPsj)
sk−sk−1⊗ (detPsk)
sj−1−sj . Furthermore
∑
j<k |ρj,k| ≤
∑
i<j(sj−sj−1)(sk−sk−1) =
Ns := dimFs(V ). Thus for p = Ns we get
KFs(V ) = ⊗1≤j<k≤m det(Psj ⊗ P
∗
sk
) = ⊗mj=1(detPsj)
sj−1+sj−r := P css ,
where cs = (s1−r, · · · , sj−1+sj−r, · · · , sm−1) ∈ Z
m. Consider the flag manifold Fs(V ) as a
Gl(V )-homogeneous space and write it as Gl(V )/Bs, where Bs is a parabolic subgroup of
G. Then the action of Gl(V ) on the tangential bundle TFs(V ) induces the representation
ofGl(V ) on Ωp
Fs(V )
and hence on the canonical line bundleKFs(V ).Denote gl(V ) and bs the
Lie algebra of Gl(V ) and Bs respectively. Then the fibres of Ω
p
Fs(V )
and KFs(V ) over any
point in Fs(V ) could be identified with ∧
p(gl(V )/bs)
∗ and ∧Ns(gl(V )/bs)
∗ respectively.
In the case of complete flag, Bs is denoted by B and is a Borel subgroup of Gl(V );
its Lie algebra is denoted by b. Now cs is just the weight associated to the co-adjoint
representation on ∧Ns(gl(V )/bs)
∗, called it canonical weight of Fs(V ). Note that detPsj =
detQsj
detQsj−1
we get
KFs(V ) = (detQs1)
s0−s2 ⊗ · · · ⊗ (detQsm−1)
sm−2−sm ⊗ (detQsm)
sm−1 . (5.1)
Since detQsm is a trivial bundle and the Neron-Severi group NS(Fs(V ))
∼= Z⊕m−1, we
also write the canonical bundle as
KFs(V ) = OFs(V )(s0 − s2, · · · , sm−2 − sm).
In particular, in the case of the Grassmannian bundle Gr(V, d) we have s = (s0, s1,
s2) = (0, d, n) and henceKGr(V,d) = (detQs1)
−n by (5.1), usually one denoted it by O(−n).
In particular, for a projective bundle we have KP(V ) = O(−n), a symbol used popularly
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in the literatures. This is the main reason why we use several notations different from
those used by Demailly in studying the geometry of flag manifolds.
In the case of the complete flag manifold, all Pj are line bundles, we have T
∗F (V ) =
⊕mj<k(P
−1
j ⊗ Pk) and
Ωp
F (V ) = ∧
p(⊕mj<kP
−1
j ⊗ Pk) = ⊕u∈Zrν(u, p)P
u, (5.2)
where the weight u and the multiplicity ν(u, p) are those of ∧p(gl(V )/b). In particular,
KF (V ) = ⊗
r
j=1P
2j−r−1
j := P
cw , (5.3)
where cw = 2(1, 2, · · · , r)− (r + 1)(1, 1, · · · , 1) = (1− r, 3− r, · · · , r − 1).
Theorem 5.1. (Bott, [4]) For any a = (a1, a2, · · · , ar) ∈ Z
r define aˆ = (a− 1
2
cw)
≥ + 1
2
cw,
where (a− 1
2
cw)
≥ is the sequence obtained by arranging the terms of (a− 1
2
cw) in weakly
decreasing order. Denote n(a) the number of strict inversions of the order. Then
Hq(F (V ), P a) = δq,n(a)Γ
aˆV. (5.4)
For as = (as1 , · · · , asm) ∈ Z
m, we define a ∈ Zr such that asj−1+1 = · · · = asj := asj
for 1 ≤ j ≤ m ≤ r. For the incomplete flag manifold Fs(V ), there is a natural projection
η : F (V ) → Fs(V ) whose fibre is a product of complete flag manifolds F (V/Vs1) ×
F (Vs1/Vs2)× · · ·F (Vsm−1/Vsm), and η
∗Psj = Psj−1+1 ⊗ · · · ⊗ Psj and η
∗P ass = P
a.
Corollary 5.2. For the incomplete flag manifold Fs(V ),
Hq(Fs(V ), P
as
s ) = δq,n(a)Γ
aˆV. (5.5)
Let Gr(V, d) denote the Grassmannian of subspaces of V of codimension d. In particular
Gr(V, 1) = P(V ). If W is a subspace of V of codimension d, then the kernel of the map
from ∧dV to ∧d(V/W ) is a codimension 1 subspace of ∧dV. Assigning this codimension
1 subspace of ∧dV gives a map Gr(V, d)→ P(∧dE), is called the Plu¨cker embedding. An
element in ∧d(V/W ) can be given by a non-zero decomposable d-vector
ΛV/W = v
1 ∧ v2 ∧ · · · ∧ vd,
defined up to a constant factor.
The flag manifold Fs(V ) of flags V = Vs0 ⊃ Vs1 ⊃ · · · ⊃ Vsm = {0}, with codimCVsi =
si, considered as a submanifold of Gr(V, s1)×· · ·×Gr(V, sm), via the Plu¨cker embedding,
is an embedded submanifold of the product projective spaces P(∧s1V )× · · · × P(∧smV ),
we denote this embedding map by φ. Let πj denote the projection from P(∧
s1V )× · · · ×
P(∧smV ) to its j-th factor P(∧sjV ), and ξsj the tautological line bundle of P(∧
sjV ). Then
we have
φ∗π∗j ξsj = ∧
sj (V˜ /V˜sj) = det(Qsj ).
Let E be a holomorphic vector bundle of rank r on a compact complex manifold X.
For every sequence of integers 0 = s0 < s1 < · · · < sm = r, we associate to E its flag
bundle Fs(E)
π
→ X of flags of subbundles Es0 ⊃ · · · ⊃ Esm with corankOX Esj = sj. It
has tautological quotient vector bundle Qsj = (π
∗E)/(π∗Esj ) = π
∗(E/Esj ).
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Theorem 5.3. If E is Griffiths k-positive hermitian holomorphic vector bundle with her-
mitian metric h. Then det(Qs1)⊗ · · · ⊗ det(Qsm−1) is k-positive.
Proof. We use similar ideas as in Theorem 3.8. Note that Q∗sj
∼= π∗(E⊥sj) ⊂ π
∗E∗.
There is a naturally associated hermitian metric H on Q = det(Qs1)⊗ · · · ⊗ det(Qsm−1).
Choose a basis e1, · · · , er of E∗ such that for the flag (E/Es1)
∗ ⊂ · · · ⊂ (E/Esm)
∗, we
have (E/Esj )
∗ = SpanC{e
1, · · · , esj}. We use ΛEsj/Esj+1 = e
sj+1 ∧ · · · ∧ esj+1 to represent
the Plu¨cker coordinate of (Esj/Esj+1)
∗. For (z; Λ) = (z; [ΛEs1/Es2 , · · · , ΛEsm−1/Esm ]) ∈
Q∗s1 ⊗ · · · ⊗Q
∗
sm−1
, the hermitian metric H is defined by
H(Λ,Λ) =
m−1∑
j=1
(ΛEsj/Esj+1 ,ΛEsj/Esj+1 )z =
m−1∑
j=1
|ΛEsj/Esj+1 |
2
z,
where
(ΛEsj/Esj+1 ,ΛEsj/Esj+1 )z = det ((h(e
k, el))sj<k,l≤sj+1).
Choose local normal coordinate at z such that h(0) = δjk and dh(0) = 0. Then
∂∂¯(ΛEsj/Esj+1 ,ΛEsj/Esj+1 )z
= (TrEsj/Esj+1 (Θh(E
∗)))(ΛEsj/Esj+1,ΛEsj/Esj+1 )z +(∂ΛEsj /Esj+1 ,∂ΛEsj /Esj+1 )z,
where
TrEsj/Esj+1 (Θh(E
∗)) =
sj+1∑
k=sj+1
Θh(E
∗)(ek, ek)
|ek|2
.
Thus
iΘH(Q) =
∑m−1
j=1 (TrEsj /Esj+1
(Θh(E)))|ΛEsj /Esj+1
|2∑m−1
j=1 |ΛEsj /Esj+1
|2
+
∑m−1
j=1 (|ΛEsj /Esj+1
|2|∂ΛEsj /Esj+1
|2−(∂ΛEsj /Esj+1
,ΛEsj /Esj+1
)(ΛEsj /Esj+1
,∂ΛEsj /Esj+1
))
(
∑m−1
j=1 |ΛEsj /Esj+1
|2)2
.
The second term of right hand side is equal to
∑m−1
j=1 κjθj with 0 < κj < 1, and
θj =
|ΛEsj/Esj+1|
2|∂ΛEsj/Esj+1|
2 −(∂ΛEsj /Esj+1 ,ΛEsj/Esj+1 )(ΛEsj/Esj+1 ,∂ΛEsj/Esj+1 )
|ΛEsj/Esj+1 |
4
is the curvature of tautological quotient line bundle det(Esj/Esj+1) of the Grassmannian
manifold Gr(Esj , sj+1 − sj) (cf. [6]), therefore θj is positive of rank sj(sj+1 − sj). Since
the dimension of the fibre of the flag bundle Fs(E) is Ns = s1(s2 − s1) + s2(s3 − s2) +
· · ·+ sm−1(r−sm−1), it follows that
∑m−1
j=1 κjθj is positive definite along the fibres. Hence
det(Qs1)⊗ · · · ⊗ det(Qsm−1) is k-positive if E is Griffiths k-positive.
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Corollary 5.4. Let E be a Griffiths k-positive hermitian holomorphic vector bundle.
Then
(i). The line bundle Qass = det(Qs1)
a1⊗· · ·⊗det(Qsm−1)
am−1 , also denoted by OFs(E)(a1, · · · , am−1),
is semi-positive if aj ≥ 0 and k-positive if aj > 0 for any 1 ≤ j ≤ m− 1;
(ii). The line bundle P ass = det(Ps1)
a1 ⊗ · · · ⊗ det(Psm−1)
am−1 is semi-positive if aj ≥
aj+1 and am−1 ≥ 0; k-positive if aj > aj+1 and am−1 > 0, for any 1 ≤ j ≤ m− 2.
Proof. (i) is proved similarly as Theorem 5.3. For (ii), note that
P ass = det(Qs1)
a1−a2 ⊗ · · · ⊗ det(Qsm−2)
am−2−am−1 ⊗ det(Qsm−1)
am−1
= OFs(E)(a1 − a2, · · · , am−2 − am−1, am−1).
In particular, if the base manifold X is shrunk to a point we get
Corollary 5.5. On the flag manifold Fs(V ), the line bundle Q
as
s = det(Qs1)
a1 ⊗ · · · ⊗
det(Qsm)
am is ample if aj > 0 for any 1 ≤ j ≤ m − 1; and the line bundle P
as
s =
det(Ps1)
a1 ⊗ · · · ⊗ det(Psm)
am is ample if aj > aj+1 for any 1 ≤ j ≤ m− 1.
Denote
η∗Ωp
Fs(V )
= ⊕uνs(u, p)P
u,
η∗(Ωp
Fs(V )
)∗ = ⊕uνs(u
′, p)P u
′
,
(5.6)
where the weight u (resp. u′) and multiplicity ν(u, p) (resp. ν(u′, p)) are those of
∧p(gl(V )/bs)
∗ (resp. ∧p(gl(V )/bs)).
Lemma 5.6. (cf. [8], Lemma 2.21). The weight u of ∧p(gl(V )/bs)
∗ verifies
uµ − uλ ≤ min{p+ 1, r + 1− (µ− λ), Ns − p+ (sj+1 − sj−1)}
for sj−1 < λ ≤ sj < µ ≤ sj+1, for 1 ≤ j ≤ m− 1.
Using Corollary 5.5 and Lemma 5.6, it is easy to prove
Lemma 5.7. (cf. [8], Lemma 3.4). Assume the weight a satisfying
asj − asj+1 ≥ 1 if p = Ns and otherwise
asj−asj+1 ≥min {p,Ns− p+(sj+1−sj)− 1, r + 1−(sj+1−sj−1)},
(5.7)
then the direct image sheaf
Rqπ∗(Ω
p
Fs(E)/X
⊗ P ass ) = 0, for q ≥ 1 (5.8)
π∗(Ω
p
Fs(E)/X
⊗ P ass ) = ⊕uνs(u, p)Γ
a+uE. (5.9)
In particular we have
π∗(P
as
s ) = Γ
aE, π∗(Ω
Ns
Fs(E)/X
⊗ P ass ) = Γ
a+cwE.
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The Leray spectral sequence implies therefore the following Griffiths-Le Potier-Schneider-
Demailly isomorphism:
Theorem 5.8. (cf. [8], Theorem 3.8). Under assumption (5.7), for any holomorphic
line bundle B on X, we have for all q ≥ 0 :
Hq(Fs(E), G
p,p+t ⊗ P ass ⊗ π
∗B) ∼= ⊕uνs(u, t)H
q(X,ΩpX(Γ
a+uE ⊗ B)), (5.10)
where Gp,p+t = π∗(ΩpX)⊗ Ω
t
Fs(E)/X
.
In particular, if t = Ns, then
Hq(Fs(E), G
p,p+Ns ⊗ P ass ⊗ π
∗B) ∼= Hq(X,Ω
p
X(Γ
a+cwE ⊗B)) (5.11)
when asj − asj+1 ≥ 1 and q ≥ 0.
It is not difficult to prove that the canonical bundle of the flag bundle Fs(E) and that
of X are related by
KFs(E) = π
∗(KX ⊗ (detE)
sm−1)⊗OFs(E)(s0 − s2, s1 − s3, · · · , sm−2 − sm).
Therefore we have the following generalization of the Griffiths isomorphism
Hq(Fs(E), KFs(E) ⊗ P
as
s ⊗ π
∗B) ∼= Hq(X,KX ⊗ Γ
a+cwE ⊗B). (5.12)
Remark 5.9. In (5.10) if we take t = p then we get the isomorphism for Dolbeault
cohomology groups
Hq(Y,ΩpY (P
as
s ⊗ π
∗B)) ∼= ⊕uνs(u, p)H
q(X,ΩpX(Γ
a+uE ⊗ B)). (5.13)
For projective bundles, the following two special cases of the Griffiths-Le Potier-Schneider-
Demailly isomorphism are frequently used.
The first case is p = 0 and as = (l, 0), the later corresponds to a = (l, 0, · · · , 0). We
have P ass = ξ
l
E . Therefore
Hq(P(E), ξlE ⊗ π
∗B)) ∼= Hq(X,SlE ⊗ B)),
which was proved by Griffiths in [17]. This together with the formula KP(E) = ξ
−r
E ⊗
π∗(detE ⊗KX) give
Hq(P(E), KP(E) ⊗ ξ
l
E ⊗ π
∗B)) ∼= Hq(X,KX ⊗ S
l−rE ⊗ detE ⊗ B))
if l ≥ r. It is a special case of (5.12) for as = (l, 0). Since cs = (1 − r, 1), we have
as+cs = (l−r+1, 1), and accordingly a+c = (l−r+1, 1, · · · , 1) and Γ
a+cE = Sl−rE⊗detE.
Taking l = r + 1 in the isomorphism above and using the Gigante-Girbau vanishing
theorem together with Proposition 3.7, we get another proof of the case a) of Corollary
3.13.
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The second special case is as = (1, 0). Then there is no weight u for an irreducible
representation such that a+ u is non-increasing. Therefore for any 1 ≤ p, q ≤ n, we have
Hq(P(E),Ωp
P(E)(ξE ⊗ π
∗B)) ∼= Hq(X,Ω
p
X(E ⊗ B)),
which was firstly proved by Le Potier [24, 19] and a simplified proof was given by Schneider
[37, 38].
Theorem 5.10. Let E be a Griffiths k-positive holomorphic vector bundle of rank r and
B a semipositive holomorphic line bundle on a compact Ka¨hler manifold X. Let ΓaE
be an irreducible tensor power representation of Gl(E) of highest weight a ∈ Zr with
h ∈ {1, · · · , r − 1} such that a1 ≥ a2 ≥ · · · ≥ ah > ah+1 = · · · = ar = 0. Then
Hn,q(X,ΓaE ⊗ (detE)h ⊗B) = 0 for q > k. (5.14)
Proof. Define s1 < s2 < · · · < sm−1 as the sequence of indices λ ∈ {1, · · · , r−1} such that
aλ > aλ+1. Then sm−1 = h and sm = r. Let as = (as1, · · · , asm) and a
′
s = as+(h, · · · , h)−cs.
Recall that cs = (s1 − r, · · · , sj−1 + sj − r, · · · , sm−1), therefore the canonical weight cs is
non-decreasing and a′s1 > a
′
s2
> · · · > a′sm = 0. Thus P
a′s
s is k-positive by Corollary 5.4.
Note Γa
′
s+csE = ΓaE ⊗ (detE)h. By (5.12) we have
Hn,q(X,ΓaE ⊗ (detE)h ⊗B) ∼= Hn+Ns,q(Fs(E), P
a′s
s ⊗ π
∗B).
Note that dimFs(E) = n + Ns and since π
∗B is semipositive and P
a′s
s is k-positive we
know P
a′s
s ⊗ π∗B is k-positive by Proposition 3.6 b), thus the cohomology group of the
right hand side is zero by the Gigante-Girbau vanishing theorem.
Theorem 5.11. Let E and B be the vector bundles as in Theorem 5.8. Then for all
integers p+ q > n+ k, l ≥ 1, m ≥ n− p+ r − 1, we have
Hp,q(X,E⊗l ⊗ (detE)m ⊗ B) = 0. (5.15)
Proof. Since E⊗l is decomposed into a direct sum of irreducible representations ΓaE of
Gl(E), it suffices to prove that
Hp,q(X,ΓaE ⊗ (detE)m ⊗ B) = 0 (5.16)
for p + q > n + k,m ≥ n − p + r − 1 and a1 ≥ · · · ≥ ar = 0 not all zero. We prove it
by backward induction on p. The case p = n is already established by Theorem 5.10.
Define s as in the proof of Theorem 5.10, and set a′s = as + (m, · · · , m) − cs. Then P
a′s
s
is k-positive. By (5.11) we get
Hp,q(X,ΓaE ⊗ (detE)m ⊗ B) ∼= Hq(Y,Gp,p+Ns ⊗ P a
′
s
s ⊗ π
∗B). (5.17)
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Put F p,t = π∗(ΩpX) ∧ Ω
t−p
Fs(E)
. Then we have the following exact sequence
0→ F p+1,t → F p,t → Gp,t → 0. (5.18)
Note that F p,p+Ns = Ωp+Ns
Fs(E)
, so we have
0→ F p+1,p+Ns → Ωp+Ns
Fs(E)
→ Gp,p+Ns → 0. (5.19)
The Gigante-Girbau vanishing theorem applied to P
a′s
s ⊗ π∗B yields
Hq(Y,Ωp+Ns
Fs(E)
⊗ P a
′
s
s ⊗ π
∗B) = 0, for p+ q > n + k.
The cohomology group in (5.17) will therefore vanishes if and only if
Hq+1(Fs(E), F
p+1,p+Ns ⊗ P a
′
s
s ⊗ π
∗B) = 0. (5.20)
By (5.18) we have F p,t/F p+1,t = Gp,t and hence F p+1,p+Ns has a filtration with associated
graded bundles ⊕t≥1G
p+t,p+Ns. To prove (5.20), it is thus enough to verify
Hq+1(Fs(E), G
p+t,p+Ns ⊗ P a
′
s
s ⊗ π
∗B) = 0. t ≥ 1. (5.21)
Note that the direct image sheaf
Rlπ∗(G
p+t,p+Ns ⊗ P a
′
s
s ⊗ π
∗B) = Ωp+tX ⊗ B ⊗R
lπ∗(Ω
Ns−t
Fs(E)/X
⊗ P as+(m,···,m)−cs).
Corollary 5.5 and Bott’s theorem yield
Rlπ∗(Ω
Ns−t
Fs(E)/X
⊗ P as+(m,···,m)−cs)|p∈X
= H l(Fs(V ),Ω
Ns−t
Fs(V )
(P as+(m,···,m)−cs)) =
{
0 for l > t, otherwise
⊕bΓ
bE, br ≥ m− t,
Rlπ∗(G
p+t,p+Ns ⊗ P a
′
s
s ⊗ π
∗B) =
{
0 for l > t, otherwise
⊕b,jΩ
p+t
X ⊗ Γ
bE ⊗ (detE)j ⊗ B,
where the last sum runs over weights b such that br = 0 and integer j such that j ≥
m− t ≥ n− (p+ t) + r − 1. Using the Leray spectral sequence, we have
Hq+1(Fs(E), G
p+t,p+Ns ⊗ P a
′
s
s ⊗ π
∗B) = ⊕l,b,jH
p+t,q+1−l(X,ΓbE ⊗ (detE)j ⊗ B).
Note in the second sum, l ≤ t and t ≥ 1, hence p+t > p and (p+t)+(q+1−l) ≥ p+q+1 >
n+ k. From the induction hypothesis we have Hp+t,q+1−l(X,ΓbE⊗ (detE)j ⊗B) = 0 and
(5.21) is proved.
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Remark 5.12. Let B be a semipositive line bundle and E a Griffiths k-positive holomor-
phic vector bundle of rank r on a compact Ka¨hler manifold X, and s = (s0, s1, · · · , sm)
an increasing sequence of integers with sm = r. Let as = (a1, · · · , am) be a decreasing
sequence of integers satisfying (5.7). Then by (5.13) we have
Hq(Fs(E),Ω
p
Fs(E)
(P ass ⊗ π
∗B)) ∼= ⊕uνs(u, p)H
q(X,ΩpX(Γ
a+uE ⊗ B)).
By Corollary 5.4 and the Gigante-Girbau vanishing theorem the cohomology group of
left hand side vanishes when p+ q > n + k +Ns. Thus
Hq(X,ΩpX(Γ
a+uE ⊗ B) = 0, for p+ q > n+ k +Ns, (5.22)
where u is any weight of the adjoint representation of Gl(V ) on ∧p(gl(V )/bs)
∗. This
generalizes the last statement of Theorem 3.8. However, its relations to vanishing phe-
nomena in Theorems 5.11 is delicate, we think that Theorem 5.11 includes it only in
some particular cases.
6 Closing Remarks
As suggested in Remark 2.5, we have the following first question
Question 6.1. Give examples of pseudo-effective line bundles on compact Ka¨hler mani-
folds, such that the Nadel type vanishing theorem for Dolbeault cohomology are not true.
Our second question is concerned with positivity of tensor powers of vector bundles.
As proved by Proposition 3.6 c), if E is (k, s)-positive, then so is ΓaE ⊗ (detE)m. In
particular, SpE and ∧qE are (k, s)-positive. However, as indicated by Corollary 3.12,
Theorem 5.10 and Theorem 5.11, ΓaE ⊗ (detE)m holds stronger positivity than (k, s)-
positivity. We note that Corollary 3.13 is based on the critical Proposition 3.10, which is
directly established by curvature calculations. Nevertheless, Theorem 5.10 and Theorem
5.11 mainly use the generalized Griffiths-Le Potier-Schneider-Demailly isomorphism. The
later method is mysterious and we think that it only recovers partial positivity. So we
present the question
Question 6.2. Let E be a (k, s)-positive hermitian holomorphic vector bundle on a
compact complex manifold. Find out the minimum p the maximum q directly via curvature
calculations such that ΓaE ⊗ (detE)m is (p, q)-positive.
Finally we have the following conjecture as suggested by a combination of Theorem
2.4 and Theorem 3.9.
Conjecture 6.3. Let X be a compact Ka¨hler manifold of dimension n and E a hermitian
holomorphic vector bundle of rank r on X such that E >(k,s) 0. Then
Hq(X,ΩpX ⊗ E) = 0, for p+ q > n + k and s ≥ min{n− q + 1, r}.
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Note that Theorem 2.4 and Theorem 3.9 are the special cases of r = 1 and p = n
respectively. In particular, if Conjecture 6.3 is true, it includes the Kodaira vanishing
theorem, the Nakano vanishing theorem, the Gigante-Girbau vanishing theorem and the
Demailly vanishing theorem (Theorem 3.9 when k = 0) as special cases. However the
method of the proof of Theorem 2.4 is incapable of proving Conjecture 6.3 if the rank
r > 1, the main difficult in using such a method is that we can diagonalize simultaneously
the Ka¨hler metric and the curvature iΘh(E) only along one direction in E and it is not
enough if E is not a line bundle.
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